AN INVERSE SATAKE ISOMORPHISM IN CHARACTERISTIC p 



RACHEL OLLIVIER 

°: 

' Abstract. Let 5 be a local field with finite residue field of characteristic p and k 

i— I ■ an algebraic closure of the residue field. Let G be the group of 5-points of a J-split 

I ^ | connected reductive group. In the apartment corresponding to a maximal split torus 

■ of T, we choose a hyperspecial vertex and denote by K the corresponding maximal 
| compact subgroup of G. Given an irreducible smooth ^-representation p of K, we 

construct an isomorphism from the afiine semigroup algebra k[Xt (T)] of the dominant 
' ' cocharacters of T onto the Hecke algebra H(G,p). In the case when the derived 

■ subgroup of G is simply connected, we prove furthermore that our isomorphism is 
HH I the inverse to the Satake isomorphism constructed by Herzig in [16]. 

^ C*| Our method consists in attaching to p a commutative subalgebra S p of the pro-p 

| Iwahori-Hecke fc-algebra of G that is isomorphic to fc[X+(T)]. Using a theorem by 

Ci ■ Cabanes which relates categories of fc-representations of parahoric subgroups of G 

i '_ and Hecke modules ([6]), we then construct a natural isomorphism from 3 P onto 

H(G,p). 
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1. Introduction 

1.1. Framework. Let 5 be a nonarchimedean locally compact field with ring of inte- 
gers D, maximal ideal ^3 and residue field ¥ q where q is a power of a prime number 
p. We fix a uniformizer w of D and choose the valuation val$ on $ normalized by 
val$(w) = 1. Let G := G(30 be the group of ^-rational points of a connected reduc- 
tive group G over # which we assume to be ^-split. We fix an algebraic closure k of 
¥ q which is the field of coefficients of (most of) the representations we consider. All 
representations of G and its subgroups are smooth. 

Let 2£ (resp. JT exi ) be the semisimple (resp. extended) building of G and pr : 
jrext _^ jr canon i ca l projection map. We fix a maximal 3-split torus T in G 
which is equivalent to choosing an apartment srf in X (see 2.2.1). We fix a chamber 
C in stf as well as a hyperspecial vertex xq of C . The stabilizer of xq in G contains a 
good maximal compact subgroup K of G which in turns contains an Iwahori subgroup I 
that fixes C pointwise. Let G xo and Gc denote the Bruhat-Tits group schemes over D 
whose D-valued points are K and I respectively. Their reductions over the residue field 
F g are denoted by G XQ and Gc- By [30, 3.4.2, 3.7 and 3.8], G xo is connected reductive 
and Fg-split. Therefore we have G° C (D) = G c (0) = I and G° (D) = G X0 (D) = K. 

Denote by B the Borel subgroup of G XQ image of the natural morphism Gc — > G XQ 
and by N the unipotent radical of B and T its Levi subgroup. Set 

K a := Kev(G X0 (O) G Xo (¥ q )) and I := {g G K : proj(g) G N(F 9 )}. 

Then we have a chain Ki C I C I C K of compact open subgroups in G such that 

K/Ka = G xo (¥ q ) D I/Ki = B(F,) 5 I/Ki = N(F,) . 

The subgroup I is pro-p and is called the pro-p Iwahori subgroup. It is a maximal pro-p 
subgroup in K. The quotient I/I identifies with T(F 9 ). 

Let X := indp(l) denote the compact induction of the trivial character of I (with 
values in k). We see it as the space of k- valued functions with compact support in 
I\G, endowed with the action of G by right translation. The Hecke algebra of the 
G-equivariant endormorphisms of X will be denoted by H. It is a /c-algebra. 
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Remark 1.1. Throughout the article, we will use accented letters such as X, H, S), 
W, X* (T) even when their non accented versions do not necessarily come into play: in 
doing so, we want to emphasize the fact that we work with the pro-p Iwahori subgroup I 
and the attached objects. The non accented letters are kept for the classical root data, 
universal representations, afline Hecke algebra etc. attached to the chosen Iwahori 
subgroup I. 

The algebra H is relatively well understood: an integral Bernstein basis has been 
described by Vigneras ([31]) who underlines the existence of a commutative subalgebra 
denoted by A + '^ in H that contains the center of H and such that H is finitely generated 
over A + '^. 

Let p be an irreducible /c-representation of K. Such an object is called a weight. It 
descends to an irreducible representation of G xo (¥ q ) because Ki is a pio-p group. Its 
compact induction to G is denoted by indj^p. The fc-algebra of the G-endomorphisms of 
the latter is denoted by H(G, p) and will be called the spherical Hecke algebra attached 
to p. In [16], Herzig describes the algebra 1-L(G,p) (remark that the results of [16] 
are equally valid when 5 has characteristic p). He proves in particular that it is a 
commutative noetherian algebra. For example, if G = GL n (for n > 1) then %{G,p) 
is an algebra of polynomials in n variables localized at one of them (Example 1.6, loc. 
cit.). More precisely, for general G, let X*(T) denote the set of cocharacters of the split 
torus T and X+(T) the monoid of the dominant ones, then there is an isomorphism 

S:H(G,p)^k[Xt(T)] 

given by [16, Thm 1.2] (see our remark 2.5 for our choice of the "dominant" normal- 
ization). 

1.2. Results. 

1.2.1. Let p be a weight. We prove independently from [16] that there is an isomor- 
phism between fc[X+(T)] and H(G,p) (depending on the choice of a uniformizer w and 
of a set of positive roots) by constructing a map in the opposite direction 

(1.1) T:k[X+(T)}^H(G,p) 

and proving that it is an isomorphism (Theorem 4.11). 

Under the hypothesis that the derived subgroup of G is simply connected, we give 
in 5 an explicit description of 7 and prove that it is an inverse for S which, under the 
same hypothesis, is explicitly computed in [17]. 

Our method to construct T is based on the following result: it is well known that 
there is a one-to-one correspondence between the weights and the characters of the 
(finite dimensional) pro-p Iwahori-Hecke algebra f) of the maximal compact K ( [8] ) . In 
fact, we have more than this: by a theorem of Cabanes ([6], recalled in 3.2), there is 
an equivalence of categories between fj-modules and a certain category (denoted here 
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by 3${xq)) of representations of K. Using this theorem, we prove (Corollary 3.14) that 
passing to I-invariant vectors gives natural isomorphisms of /c-algebras 

(1.2) H(G, p) * Hom ft ((indg / ,) i , (indgp) f ) * Hom fi ( X ® h H, x ^ H) 

where x 1S the character of corresponding to p. It therefore remains to describe the 
fc-algebra Kom^(x <8>^ H, X ®jj H). The necessary tools are introduced in Section 4. 

Let Fbea standard facet, that is to say a facet of the standard chamber C containing 
xq in its closure. In Section 4, we attach toFa Weyl chamber C if + (F) (for example, if 
F = C, it is simply the set of dominant cocharacters) as well as a /c-linear "Bernstein- 
type" map 

£+ : fc[X*(T)] — s> H 

defined on the group algebra of the extended cocharacters X*(T) (§2.2.2 and Remark 
1.1). Restricted to the dominant monoid fc[X+(T)], the map !Bj respects the product 
and its image is a commutative subalgebra of H. For example, if F = C, then Hq 
coincides on fc[Xj~(T)] with the map carrying a dominant cocharacter onto the char- 
acteristic function of the corresponding double coset modulo I, and the image of !B J 
coincides with the subalgebra A + '^ of [31]. 

To the character x of Sj we attach a standard facet F x as well as its restriction x to 
the finite torus T(F 9 ) (§3.4). (For example, if p is the Steinberg representation, then 
F x = C and x ls the trivial character.) We prove in 4.2 that the map 23^ induces an 
isomorphism of fc-algebras 

(1.3) k[X+(T)] * x® fc |To/Ti]fc[X+(T)] ^ Hom fi (x^H, X ^H) 
which, combined with (1.2) yields the isomorphism 7. 

1.2.2. The classical Satake transform is an isomorphism ([26], see also [11]) 

S:C[K\G/K] (C[X*(T)]) a7 

where 2U denotes the finite Weyl group corresponding to T. On the other hand, the 
center Z(Hc(G,T)) of the complex Iwahori-Hecke algebra Hc(G,T) was described by 
Bernstein (see [20], [21]): it is isomorphic to the algebra of 2B-invariants (CfX^T)]) 23 . 
By [12, Proposition 10.1] (see also [10, Corollary 3.1]), the Bernstein isomophism 

B : (C[X*(T)]) W ^ Z(H C (G,I)) 

is compatible with S in the sense that the composition (eK * -)B is an inverse for S, 
where (ex * •) is the convolution by the characteristic function of K. 

The maps introduced in the present article are modified (and integral) versions 
of the Bernstein maps used to define the isomorphism B in the complex case for the 
Iwahori-Hecke algebra. Therefore, our construction of an inverse Satake isomorphism 
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using commutative subalgebras of the (pro-p) Iwahori-Hecke algebra has hints of a com- 
patibility between mod p Satake isomorphism and Bernstein maps. The link between 
spherical Hecke algebras and the center of the pro-p Iwahori-Hecke algebras is further 
analyzed in a separate paper ([25]). 

1.3. Acknowledgments. I thank Marc Cabanes and Florian Herzig for their thor- 
ough, helpful comments, and Michael Harris for energizing and insightful conversations 
over the years. 

2. Affine root systems and associated Hecke rings 

We first give notations and basic results about "abstract" reduced affine root systems: 
in the first paragraph the symbols used are underscored. In 2.2 (respectively 2.3), we 
will describe some aspects of the construction of the reduced affine root system for G 
(respectively, for a semi-standard Levi subgroup of G) associated to the choice of the 
torus T. In both the settings of 2.2 and of 2.3, the results of 2.1 apply. 

2.1. Affine root system. We refer to [21, §1] as a general reference. We consider an 
affine root system (3>, X*<|, X*) where is the set of roots and J? the set of coroots. We 
suppose that this root system is reduced. An element of the free abelian group X* is 
called a coweight. We denote by ( . , .) the perfect pairing on X* x X* and byaf>a the 
correspondence between roots and coroots satisfying (a, a) = 2. We choose a basis II 
for and denote by $ + (resp. <3?~) the set of roots which are positive (resp. negative) 
with respect to II. There is a partial order on $ given by a ■< (3 if and only if (3 — a is 
a linear combination with (integral) nonnegative coefficients of elements in n. 

To the root a corresponds the reflection s a : A i->- A — (A, a) a defined on X*. It leaves 
$ stable. The finite Weyl group 2B is the subgroup of GL(X*) generated by the simple 
reflections s a for a G II. It is a Coxeter system with generating set S = {s a , a G 11} . 
We will denote by {wo,X) i-> W °X the natural action of %B on the set of coweights. It 
induces a natural action of 2B on the weights which stabilizes the set of roots. The set X* 
acts on itself by translations: for any coweight A G X*, we denote by e A the associated 
translation. The (extended) Weyl group W is the semi-direct product 2U x X*. 

2.1.1. Define the set of affine roots by |> a yy = J> x Z = Ll^a// wnere 

$+ / := {(a, r), a G r > 0} U {(a, 0), a G $+}. 

The Weyl group W acts on §Laff by we x : (a,r) i-> (wa, r — (A, a)) where we 
denote by (w, a) h-> wa the natural action of W on the roots. Denote by II m the 
set of roots that are minimal elements for ^. Define the set of simple affine roots by 
Haff '■= {(«,0), a G 11} U {(a, 1), a G II m }. Identifying a with (a,0), we consider 
II a subset of Ha//- For A G Ha//; denote by sa the following associated reflection: 
sa = s a if A = (a, 0) and sa = s a e a if A = (a, 1). The length on the Coxeter system 
2P extends to W in such a way that, the length of w G W is the number of affine roots 
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A G §L^ff such that w(A) G Q- a ff ^ satisfies the following formula, for every A G ILaff 
and u; G W: 



(2.1) l{ws A ) 



£(w) + l i£w(A)e$+ ff , 
£(w)-l if w(A) G §L^ff 



The affine Weyl group is defined as the subgroup W. a ff := < S A, AG ^_ a ff > °f W. 
Let Staff := { s vl : A G II a jj}. The pair (W_ a ff,S_ a ff) is a Coxeter system ([2, V.3.2 
Thm. l(i)]), and the length function £ restricted to Wq// coincides with the length 
function of this Coxeter system. Recall ([21, 1.5]) that YLaff is a normal subgroup of 
W : the set fl of elements with length zero is an abelian subgroup of W and W is the 
semi-direct product W = f2 >< W n jy. The length t is constant on the double cosets 
Vlw^l for w G W. In particular normalizes S_ a ff- 

We extend the Bruhat order < on the Coxeter system QN_ a f f i S-af f) to W by defining 
loiWi < U2W2 if w\ = <^2 and w\ < W2 
for w\,W2 G W. a ff and oj\,oj2 G ^ (see [12, §2.1]). We write w < w' if w < w' and 
w 7^ w' for u;, w' G W. Note that w < w 1 and ^(iu) = £{w') implies w = w' . 

2.1.2. Let X+ denote the set of dominant coweights that is to say the subset of all 
A G X* such that 

(A, a) > for all a G $ + . 

The set of antidominant coweights is X~ := — X^. It is known that the extended Weyl 
group W is the disjoint union of all 22Je A 2IJ where A ranges over X+ (resp. X~) (see for 
example [19, 2.2]) 

Remark 2.1. We have £(we x ) = £(w) + £(e x ) for all w G 2B and A G X+. 

There is a partial order on X+ given by A ^ fi if and only if A — fi is a non-negative 
integral linear combination of the simple coroots. 

2.1.3. Distinguished coset representatives. The following statement is [23, Proposition 
4.6] (see [22, Lemma 2.6] for ii). 

Proposition 2.2. Let 2) be the subset of the elements d m W such that 

(2.2) rt+C^. 

i. It is a system of representatives of the right cosets 2XT\W. Any d G 2) is the 
unique element with minimal length in W d and for any w G 2B, we have 

(2.3) £(wd) = £{w)+£{d). 

ii. An element d G !D can be written uniquely d = e x w with A G X+ and w G WO. 
We then have £{e x ) = £(d)+£(w- 1 ). 
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iii. LetseS and d G V. If £(ds) = 1(d) - 1 then ds G V. If £(ds) = 1(d) + 1 then 
either ds G 2), or ds G 2ffd. 

Remark 2.3. Let A G X+. 

- Then e A G 2) and 2) n 2Ue A 2H = J2 H e A 2B. 

- There is a unique element with maximal length in 2Pe A 2H: it is := u>oe A where u?o 
is the unique element with maximal length in 2ff . 

Lemma 2.4. Let A,/jG X+ and d G © D e A 2B. 

i. d < e A and m particular £(d) < £(e x ) if d ^ e A . 

ii. d < e M is equivalent to e A < e M . 

iii. Let u> G 2Ue A 2U. If w < then e A < e M . /n particular, w\ < is equivalent 
to e A < e^. 

Proof. The first assertion comes from ii. of Proposition 2.2. To prove the second asser- 
tion, write d = e x w with w G %B and suppose that d < e^ . If w ^ 1, then w : A is not 
a dominant coweight otherwise by Remark 2.1 we would have £(d) > £(e x ). Therefore, 
there is /3 G II such that ( w ~\p) < 0, that is to say d(P,0) = (wfi, ~{ w ~\ P)) G 
$£ ff - $+. This implies that £(dsp) = £(d) + 1 by (2.1) and that ds^d -1 2B so that 
ds^ G 2) after Proposition 2.2 iii. Note that applying Proposition 2.2 ii. to d and dsp 
shows that £(wsp) = £(w) — 1. By Lemma [12, 4.3] (repeatedly) we get from d < that 
ds/s < (we have either dsp < e M or dsp < e^sp. In the latter case, dsp < e^sp < e M 
if (//, P) > ; otherwise (fj,, P) = and e M and s commute: we have dsp < spe^ which 
implies that either dsp < e M or spdsp < e^, but dsp < spdsp because dsp G 2), so in 
any case dsp < e' 4 ). We then complete the proof of the second assertion by induction 
on £(w). 

To prove the last assertion, it is enough to consider the case w = d G 2). We prove 
by induction on £(u) for u G W that d < ne M implies d < e^": let s G S such that 
£(sn) = £(u) — 1; by Lemma [12, 4.3] we have d < sd < sue) 1 or d < sne M ; conclude. 
Therefore, d < implies d < e M and by ii., e A < e^. □ 

One easily deduces from the previous Lemma (see also [20, §1] for the compatibility 
between the partial orderings -< and < on the dominant coweights) the following well 
known result ([14, 7.8], [19, (4.6)]). Let A G X+. We have 

(2.4) {w G W, w<w x } = ]jMe M M 

where \i G X+ ranges over the dominant coweights such that < e A or equivalently 
/j,r<\. 

2.2. Affine root system attached to G(#). We refer for example to [29, 1.1] and 
[30] for the description of the root datum ($,X*(T), $,X*(T)) associated to the choice 
(§1.1) of a maximal ^-split torus T in G (or rather, T is the group of ^-points of a 
maximal torus in G). This root system is reduced because the group G is J-split. 
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2.2.1. Apartment attached to a maximal split torus. The set X*(T) (resp. X*(T)) is 
the set of algebraic characters (resp. co-characters) of T. The cocharacters will also 
be called the coweights. Let X*(Z) and X*(Z) denote respectively the set of algebraic 
characters and cocharacters of the connected center Z of G. 

As before, we denote by ( . , . } : X*(T) x X*(T) — > Z the natural perfect pairing. 
(.,.). Its R- linear extension is also denoted by ( . , . ) . The vector space 

R® z (X,(T)/X,(Z)) 

considered as an affine space on itself identifies with an apartment srf of the building 
that we will call standard. We choose the hyperspecial vertex xq as an origin of s/. Note 
that the corresponding apartment in the extended building X ext as described in [30, 
4.2.16] is the affine space R®zX,(T). Let a € $. Since (.,a) has value zero on X*(Z), 
the function a( .):=(., a) on 80 is well defined. The reflection s a associated to a root 
a € <3? can be seen as a reflection on the affine space srf given by s a : x i— > x — a(x)a. 
The natural action on stf of the normalizer ./Vg(T) of T in G yields an isomorphism 
between Nq(T)/T and the subgroup 2U of the transformations of s# generated by these 
reflections. 

The choice of the chamber C (§1.1) of the standard apartment implies in particular 
the choice of the subset $ + of the positive roots, that is to say the set of all a € $ 
that take non negative values on C. Set $~ := — <J>. We fix II a basis for We 
denote by <& a ff (resp. &aff> res P- ^aff) ^ ne se ^ °^ a ^ ne ( r esp. positive affine, resp. 
negative affine) roots, and by H a ff the corresponding basis for $ a ff as in 2.1. Denote 
by X^(T) (resp. X~(T)) the set of dominant (resp. antidominant) coweights. The 
partial ordering on X+(T) associated to II is denoted by ■<. 

The extended Weyl group W is the semi-direct product of 2B >< X*(T). It contains 
the affine Weyl group W a y t . We denote by £ the length function and by < the Bruhat 
ordering on W. They extend the ones on the Coxeter system (W a //, S a //). 

To an element g € T corresponds a vector v(g) £ R <8>z X*(T) defined by 

(2.5) (u(g), X ) = - vak( X (g)) for any X G X*(T). 

The kernel of v is the maximal compact subgroup T° of T. The quotient of T by 
T° is a free abelian group with rank equal to dim(T), and v induces an isomorphism 
T/T° = X*(T). The group T/T° acts by translation on stf via v. The actions of 2U 
and T/T° combine into an action of the quotient of A^g(T) by T° on s& as recalled 
in [29, page 102]. Since xo is a special vertex of the building, this quotient identifies 
with W ([30, 1.9]) and from now on we identify W with Nq(T) /T° . In particular, a 
simple reflection sa G S // corresponding to the affine root A = (a,r) can be seen as 
the reflection at the hyperplane with equation ( . , a) + r = in the affine space <s/. 

We denote by D the distinguished set of representatives of the cosets 2U\W as defined 
in 2.1.3. 



AN INVERSE SATAKE ISOMORPHISM IN CHARACTERISTIC p 



9 



Remark 2.5. In [16] the chosen isomorphism between T/T° and X*(T) is not the same 
as (2.5). Here we chose to follow [30, 1.1] and [29, 1.1]. The consequence is that the 
image in T/T° of the submonoid T~ := {t E T, val$(a(t)) < for all a E $+} (cf [16, 
Definition 1.1]) corresponds, in our normalization, to the submonoid X+(T) of X*(T). 
In explains why the dominant coweights appear naturally in our setting. 

2.2.2. Tame extended Weyl group. Let T 1 be the pro-p Sylow subgroup of T°. We 
denote by W the quotient of Nq(T) by T 1 and obtain the exact sequence 

-> T^T 1 ->• W -> W -> 0. 

We fix a lift w E W of any w E W. 

The length function £ on W pulls back to a length function £ on W ([31, Prop. 1]). 
For u, v E W we write u < v if their projections u and v in W satisfy u < v. 

For any A C W we denote by ^4 its preimage in W. In particular, we have the set 
X*(T): as well as those of X*(T), its elements will be denoted by A or e A . For a E $», 
we inflate the function a( . ) defined on X*(T) to X*(T). We will write (x, a) := a(x) 
for x € X*(T). We still call dominant coweights the elements in the preimage X+(T) 
of X+(T). 

2.2.3. Bruhat decomposition. We have the decomposition G = I./Vg(T)I and two cosets 
Inil and In2l are equal if and only if n\ and n2 have the same projection in W. In other 
words, a system of representatives in Nq(T) of the elements in W provides a system of 
representatives of the double cosets of G modulo I. This follows from [30, 3.3.1]. We fix 
a lift w G -/Vg(T) for any w E W (resp. w G W). In 2.2.5 we will introduce specifically 
chosen lifts for the elements s, where s E S a ff- By [31, Theorem 1] the group G is the 
disjoint union of the double cosets Iwl for all w E W. 

Remark 2.6. For w E W, we will sometimes write wlw~ l instead of wlw~ l since it does 
not depend on the chosen lift. 

2.2.4. Cartan decomposition. The double cosets of G modulo K are indexed by the 
coweights in a chosen Weyl chamber: for A E X^(T), the element X(w) is a lift for 
e~ A E W (see Remark 2.5) and G is the disjoint union of the double cosets KA(ro)K 
for A E X+(T). 

2.2.5. Root subgroups and Chevalley basis. For a E we consider the attached unipo- 
tent subgroup U a of G as in ([3, 6.1]). To an affine root (a,r) E $ a ff corresponds a 
subgroup U( Qir ) of U a ([30, 1.4]) the following properties of which we are going to use 
([29, p. 103]): 

- For r < r' we have U( a y\ C M^ T y 

- For w E W, the group w\L^ a ^w~ l does not depend on the lift w E G and is equal to 

u 'ui(o,fc) • 
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We fix an epinglage for G as in SGA3 Exp. XXIII, 1.1 (see [9]). In particular, to 
a G is attached a central isogeny <p a : SL^SO — > G a where G a is the subgroup of G 
generated by U a and U- a ([9, Thm 1.2.5]). 

We set n Sa := 4> a f ^ and, for u£ J*, h a (u) := (fi a ^ . Then T contains 

h a (3*) for all a G After embedding F* into by Teichmiiller lifting, we consider 
the subgroup T a (¥ q ) of T equal to the image of F* by h a . 

For a G U m , set h( a>1 ) := h a , T (cKjl) (F g ) := T a (F 9 ) and n S(a l) := 4> a (_^-i ^ J ■ 

For A G n a jj, the element n SA G A r c(T) is a lift for sa G S a ff ([9, Proof of 
Proposition 1.3.2]). The normalizer Nq(T) of T is generated by T and all the n Sa 
for a G <£. For all w £ W with length ^, there is to G W with length zero and 
si, S£ G S a // such that the product n Sl ...n S( G Nq(T) is a lift for uw G W. 

2.3. AfRne root system attached to a standard facet. 

2.3.1. Let F C C be a facet containing xo in its closure. Such a facet will be called 
standard. Attached to it is the subset lip of the roots in II taking value zero on F, or 
equivalently the subset Sf of the reflections in S fixing F pointwise. 

Remark 2.7. The closure F of a facet F consists exactly of the points of C that are 
fixed by the reflections in Sf ([2, V.3.3 Proposition 1]). 

We let &f denote the set of roots in $> taking value zero on F and set <& F := 
$ F n$ + , $ F := $ F n$". We consider the root datum ($ F , X*(T), <E>f, X*(T)). The 
corresponding finite Weyl group 2Hp is the subgroup of 2U generated by all s a for 
a G $p. The pair (2Bp,S F ) is a Coxeter system. The restriction £\Wf coincides with 
its length function ([2, IV.1.8 Cor. 4]). The extended Weyl group is W F = 2Hf k X*(T). 
Its action on the affine roots are &Faff '■= &f x ^ coincides with the restriction of the 
action of W. Denote by ^ the partial order on X*(T) with respect to lip, by Wp a ff 

F 

the affine Weyl group with generating set ^F,aff defined as in 2.1. It comes with a 
length function denoted by tp and a Bruhat order denoted by <, which can both be 

F 

extended to W F . 



2.3.2. The restriction ^|W F does not coincide with tp in general, and likewise the 
restriction to Wj? of the Bruhat order on W does not coincide with <. We call F- 

F 

positive the elements winWr satisfying 



w-\<S>+-<S> F )C<S>+ ff . 



For A G X*(T), the element e A is F-positive if (A, a) > for all a G $ + - ® F . In this 
case, we will say that the coweight A itself is F-positive. We observe that if ji and 
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v G X*(T) are F-positive coweights such that fi — v is also F-positive, then we have 
the equality. 

(2.6) l{eT v ) + l(e v ) - £(e") = £ F (e^ v ) + l F {e y ) - l F (e?) 

Its left hand side is indeed by definition Yl a e<s>+ \{l- L ~ v -> a )l + K z/ ' a )\~ Ufa a )\ but the con- 
tribution to this sum of the roots in <3? + — $> F is zero since fj,— u,fj, and v are F-positive. 

Since the elements in 22Jf stabilize the set <I> + — <3?^;, an element in W F is F-positive 
if and only if it belongs to W F e x %B F for some F-positive coweight A. The F-positive 
elements in W F form a semi-group. A coweight A is said strongly F-positive if (A, a) > 
for all a G $ + — and (A, a) = for all a G 3>p. By [5, Lemma 6.14], strongly F- 
positive elements do exist. 

Remark 2.8. If F = x , then W xo = W. If F = C then W c = X*(T) and the ex- 
positive elements are the dominant coweights. A strongly C-positive element will be 
called strongly dominant. 

Lemma 2.9. i. Let fi G X*(T) and A G X+(T) such that \i < F A. Suppose that for all 
a G $>p we have (ji,a) > 0, then \x G X+(T). 

ii. Let v G W F such that v < e x for some A G X+(T). Then v is F-positive and there 

F 

is fie X+(T) with fi -< F A such that W F v'28 F = Wpe^Wp. 

Proof, i. Let a G U\U F . For all p G U F , we have 0,a) < [2, Thml Ch VI, n 1.3] 
so (A — /j,, a) < and (fx,a) > 0. For ii., note that in particular, v < w F \ where w F \ 

F 

denotes the element with maximal length in %B F e x %Xf F . By (2.4) applied to the root 
system associated to F, there is a unique [i G X*(T) with (fi, a) > for all a G 
and fi ^ A such that v G 2Ui?e M 2IJir, and i. implies that \x G X+(T). In particular it is 

F 

F-positive and v is also F-positive. 

2.3.3. The affine root datum (<&f, X*(T), & f , X*(T)) is in fact the one attached to the 
semi-standard Levi subgroup M. F of G corresponding to the facet F described below. 

Consider the subtorus T F of T with dimension dim(T) — \H F \ equal to the connected 
component of P| QgnF kera C T and the Levi subgroup M.f of G defined to be the 
centralizer of T F . It is the group of J-points of a reductive connected algebraic group 
Mp which is J-split. The group M F is generated by T and the root subgroups 1I a for 
a G ® F . 

The subgroup (A^ G (T)nM F )/T° of Ag(T)/T° identifies with W F in the isomorphism 
iV G (T)/T° ~ W. It is generated by T and all n a for a € Denote by Kg* the 
extended building for M. F . It shares with X ext the apartment corresponding to T but, 
in this apartment, the set of affine hyperplanes coming from the root system attached 
to is a subset of those coming from the root system attached to G. Every facet 
in ^ ext is contained in a unique facet of S£p xt [13, §2.9]. Denote by the unique 
facet in 3t>p xt containing pr (C). By [13, Lemma 2.9.1], the intersection I n M F is 
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an Iwahori subgroup for Mp: it is the pointwise fixator in Mp of cp. Its pro-p Sylow 
subgroup is I D Mp. We have a Bruhat decomposition for Mp: it is the disjoint union 
of the double cosets (I D Mp)tt)(I fl Mp) where w denotes the chosen lift for w € Wp in 
G (§2.2.3) which in fact belongs to Mp. 

Denote by Wp the quotient (N G (T) n Mp)/T 1 . It is generated by T° /T 1 and all w 
for w £ Wp. We have an exact sequence 

-> T7T 1 -> Wp -»■ Wp -> 0. 

The Levi subgroup Mp is the disjoint union of the double cosets Iwl for all w € Wp. 
We denote by 2Bp the preimage of 2Up in Wp. 

□ 

2.4. Generic Hecke rings. 

2.4.1. For g € G we denote by r g the characteristic function of Ljl. Since it only 
depends on the element w £ W such that g 6 Iiol, we will also denote it by r w . The 
convolution ring of the functions with finite support in I\G/I and values in Z is a 
free Z-module with basis the set of all {r w } we ^ with product given by ([31, Theorem 
1]) the following braid and respectively quadratic relations: 

(2.7) t ww > = t w t w i for io,u; GW satisfying £(ww') = £(w) + £(w'). 

( 2 - 8 ) T n A = VAT nA + QTh A (-i) for A G II a// , where v A := ^ r t . 

teT A (w q ) 

The braid relations imply that Hz is generated by all r„ A for A £ tl a ff an d t w for 
ui £ W with length zero. 

2.4.2. For any w £ W, define to be the element in Hzig^Zf^ 1 / 2 ] equal to q^r' 1 . 
It actually lies in and the ring is endowed with an involutive automorphism 
defined by ([31, Corollary 2]) 

(2.9) ^^(-l/Wr;.:. 

Remark 2.10. We have l(t„ a ) = — r nA + 

The following fundamental Lemma is proved in [31, Lemma 13] which is a adaptation 
to the pro-p Hecke ring of the analogous results of [12, §5] for the Iwahori-Hecke ring. 

Lemma 2.11. For v,w £ W we have in <8>z Z^ 1 ' 2 ] 

9 2 Tt.T„-i = Ttm) + y ^g x T x 

X 

where a x £ Z and a; ranges over a finite set of elements in W wii/i length < £{vw). 
More precisely, these elements satisfy x < vw (see 2.2.2). 
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2.4.3. Following [31, §1.3, page 9], we suppose in this paragraph that R is a ring 
containing an inverse for ((/.1r — 1) and a primitive (q — l) th root of 1. We denote by 
R x the group of invertible elements of R. Recall that T(F g ) identifies with T°/T 1 and 
can therefore be seen as a subgroup of W. The finite Weyl group 2H identifies with 
the Weyl group of G xo (¥ q ) ([30, 3.5.1]): it acts on T(F g ) and its R-character. Inflate 
this action to an action of the extended Weyl group W. Let £ : T(F g ) — > R x be a 
R-character of T(F g ). We attach to it the following idempotent element 

e f :==-2— £ C\t)r t G H Z ® Z R. 
1 ^ q)l teT{F q ) 

Note that for t G T(F g ), we have e^Tt = = £(i)e£. It implies that the quadratic 
relations in Hz ®% R have the (simpler) form: let A G II a / 1 



. , - if s A .i = i then £(^(-1)) = 1 and e s r 2 nA = e^((q - 1)t„, a + q). 

{ ' ' - if sa4 + i then H T 2 nA = qe£(h A {-\)). 

2AA. Let F be a standard facet. The definitions of the previous paragraphs apply to 
the Levi subgroup and its root system (§2.3). In particular, for w G W^, denote 
by the characteristic function of (I n Mf)w(I n Mf) and by Hz(IvIf) the Hecke ring 
as defined in 2.4.1. It has Z-basis the set of all for w G Wf and the braid relations 
are controlled by the length function tp ohWf. The Z- linear involution of Hz(Mf) as 
defined in 2.4.2 is denoted by i F . Note that when F = xq then Hz(Mf) is in fact Hz 
and we do not write the exponents F. 

The algebra Hz(Mf) does not inject in Hz in general. However, there is a positive 
subring Hz(Mf)+ of Hz(Mf) with Z-basis the set of all t f for w G Wf that are 
-F-positive, and an injection 

j+: H Z (M F )+ — > Hz 

I w 1 ? I w 

which, if R is a ring containing an inverse for qApi, extends to a R-linear injection 
fig (Mir) ®% R — > H^ <S>z R denoted by jp (the proof in the case of complex Hecke 
algebras can be found in [5, (6.12)]; it goes through for pro-p Iwahori-Hecke rings over 
Z). 



3. Representations of spherical and pro-p Hecke algebras 
3.1. Hecke algebras attached to parahoric subgroups of G(#). 

3.1.1. Parahoric subgroups. Associated to each facet F of the (semi-simple) building 
is, in a G-equivariant way, a smooth affine D-group scheme Gf whose general fiber is 
G and such that Gf(D) is the pointwise stabilizer in G of the preimage pr _1 (F) of 
F in the extended building. Its connected component is denoted by G° F so that the 



14 RACHEL OLLIVIER 

reduction G^ over ¥ q is a connected smooth algebraic group. The subgroup Gp(D) of 
G is a parahoric subgroup. We consider 

If := {d £ Gp(D) : (g mod w) € unipotent radical of G° F }. 

The groups Ip are compact open pro-p subgroups in G such that Ic = I, Iz = Ki an d 

(3.1) glpg~ l = i g F f° r any 9 £ G, and Ip/ C Ip whenever F' C F. 

Let F be a standard facet. Then Gp(D) is the distinct union of the double cosets 
Iwl for all w in 2XTp [23, Lemma 4.9 and §4.7]. 

Remark 3.1. Denote by Up the subgroup of K generated by all U( ai _i n f F ( Q )) for all 
a € Then G£(0) = UpT° ([4, 5.2.1, 5.2.4]). 

Since F is standard, the product map 

(3.2) n u («4) x Ti x n u (a,i) x n ^ 

induces a bijection, where the products on the left hand side are ordered in some arbi- 
trary chosen way ([29, Proposition 1.2.2]). Denote by U F the subgroup of If generated 
by all U( Qj o) for a in <I> + — <$^. Then Ip is generated by Ki and Up. 

Let Dp denote the set of elements in W such that d _1 ^~^ C In particular, D xo 

coincides with 2? (§2.2.1) and contains T)p for any standard facet F. 
We have the following ([23, Remark 4.17 and Proposition 4.13]): 

Lemma 3.2. i. The set of all d for d £ Dp is a system of representatives of the 
double cosets G F (£>)\G/I. 
ii. For d € T> F , we have Ipidld' 1 n G° F (0)) = I. 

Remark 3.3. - The intersection of Dp with Wp is the distinguished set of representatives 
of 2Bp\Wp (see 2.1.3). 

- The set of all d for d€2BnDpisa system of representatives of the double cosets 
Gp(D)\K/I. 

3.1.2. Hecke algebras. The universal representation X for G was defined in 1.1. Recall 
that it is a left module for the pro-p Iwahori-Hecke fc-algebra H which is isomorphic to 

Hz (g) Z k 

where is the Hecke ring described in 2.4. Remark that the results of 2.4.3 apply. 

For id £ W (resp. g G G) we still denote by r w (resp. r g ) its image in H. Let F 
be a standard facet. Extending functions on G F (D) by zero to G induces a G F (D)- 
equivariant embedding 

Xp :=indp (D) (l) . 

The /s-algebra 

h F ■= End fe[G o (0)] (Xp) - [indp^l)] 1 . 
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is naturally a subalgebra of H via the extension by zero embedding [indj F (1)] > 
indp(l). 

Proposition 3.4. i. The finite Hecke algebra S)f has basis the set of all r w for 
w € W F . 

ii. It is a Frobenius algebra over k. In particular, for any (left or right) 9)p-module 
m, we have an isomorphism of vector spaces Hom^(m,fji?) = Hom^m, k). 

iii. The Hecke algebraH is a free left 9) p -module with basis the set of all r;, d € Dp. 

Proof. The first point is clear. For iii, see [23, Proposition 4.19]. For ii. see [28, Thm 
2.4] (or [7, Proposition 6.11]). Recall that Sjp being Frobenius means that it is finite 
dimensional over k and that it carries a fc-linear form 6 such that the bilinear form 
(a, b) i — > 5(ab) is nondegenerate. In particular, there is a unique map i : Sjp — > F 
satisfying <5(t(a)6) = 5(ba) for any a, b £ Sjp. One shows that l is an automorphism 
of the /c-algebra Sj F . For any left or right i^^-module m we let t*m, resp. i*m, denote 
m with the new J5i?-action through the automorphism i, resp. t . Then for any 
left, resp. right, fj_F-module m it is classical to establish that the map / i->- 8 o f is an 
isomorphism of right, resp. left, f)i?-modules between Hom^^(m,i3i?) and Homfc(z*m, k) 
(resp. Honifc(i + m, fc)). 

□ 

Remark 3.5. The previous definitions and results are valid when replacing G by a semi- 
standard Levi subgroup. We will denote by H(Mi?) the pro-p Iwahori- Hecke algebra of 
with coefficients in A;. It is isomorphic to H^(Mp) <g>^ k. 
As for the finite dimensional Hecke algebras associated to parahoric subgroups of 
M.p, we will only consider the following situation. Let F be a standard facet and 
Mp the associated Levi-subgroup. By [13, Lemma 2.9.1], M.p n K is the parahoric 
subgroup of corresponding to an hyperspecial point xp of the building of Mp. The 
corresponding finite Hecke algebra $j XF (Mp) has basis the set of all for w € %Bp. 

3.1.3. When F = xq, we write fj instead of Sj XQ . Consider a simple f)-module. By [27, 
(2.11)] it is one dimensional and we denote by x '■ ~ > k the corresponding character. 
Let x De the character of T(F 9 ) given by 

and the corresponding idempotent (§2.4.3). We have x( e x) = 1- Let denote the 
set of simple roots a G n such that s a x = X- F° r a € n, we have (by the quadratic 
relations (2.10)): x( T n a ) = if a G II - H^ and x( T n a ) £ {0,-1} otherwise. Define 
n x to be the set of all a S such that x( T n a ) = 0- 

A fc-character x of Sj is parameterized by the following data: 

- a ^-character % of T(F 9 ) and the attached as above. 

- a subset Tl x of such that for all a € n, we have x( T n a ) = —1 if and only if 

a g — n x . 
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3.1.4. Let (/0,V) be a weight. Denote by H(G,p) the algebra of G-endomorphisms 
of the compact induction ind^p. Choose and fix v a basis for p 1 (it is known that 
this space is one dimensional [8, Corollary 6.5], see also Theorem 3.10 below which is 
drawn from [6]). Denote by Ikv the function of ind^p with support K and value v at 
1. It is I-invariant. Since (p, V) is irreducible, an element T of %(G, p) is determined 
by the image T(1k,i>) of 1k,v The restriction to (ind^p) 1 therefore yields an injective 
morphism of /c-algebras 

(3.3) H(G, p) — > Hom f j(indgp) f , (indgp) 1 ) 

In §3.3, we will prove that this is an isomorphism. We first identify the structure of 
H-module (ind^p) 1 . 

We have a H-equivariant isomorphism given by 

X^H £S (indgp) ! 
1 <g> 1 i-4 l K ,v 

Proof. We make the following remark: for d E D, the action of Tj on the right on 1k,v 

gives the unique I-invariant element of ind^p with support in Kci I and value v at d; 
the set of all such elements when d ranges over D is a basis for (ind^p) 1 . 

The key observation to verify this claim is that, by Lemma 3.2, we have Ki(dld~ 1 H 
K) = I. The first point of the remark follows easily. Furthermore, an I-invariant 

function / € (indj^p) 1 is determined by its values at all cts for d £2) which are dld~ 1 nK- 
invariant vectors of V: these vectors are I-invariants and therefore proportional to v. 
It proves the second point. 

The surjectivity of the map (3.4) follows easily. The injectivity comes from the fact 
that a basis for x ®« H is given by all 1 ® for d G T> (Proposition 3.4). □ 

Remark 3.7. Recall that an element of ~H(G, p) can be seen as a function with compact 
support / : G — > End/c(V) such that f(kgk') = p(n)f(g)p(n') for any jeG, k,k'£ K. 
To such a function / corresponds the Hecke operator Tf £ T-L(G,p) that sends 1k,v on 
the element of ind^p defined by g h-> f(g) .v. Reciprocally, to an element T G %{G,p) 
is associated the function fx ■ G — > End^(V) defined by fr{g) '■ w i-> T(lK, w )[g] for any 
g € G, where 1k,w G indx/ is the unique function with support K and value to £ V at 1. 
For A € X*(T), the function fa has support in K\(w)K if and only if T(1k, v ) € ind^p 
has support in KA(ro)K. 

3.2. Categories of Hecke modules and of representations of parahoric sub- 
groups. Let F be a standard facet. We consider the abelian category of (smooth) 
representations of Gp(D). Define the functor f that associates to a smooth represen- 
tation V of G° F (£>) the subrepresentation generated by V 1 . Consider the following 
categories of representations: 



Lemma 3.6. 

(3.4) 
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a) &(F) is the category of finite dimensional representations of G^(£>) with triv- 
ial action of the normal subgroup Ip. It is equivalent to the (abelian) category 
of finite dimensional representations of the finite reductive group G^ (¥ q ) = 
G° f (Q)/If (see [23, Proof of Lemma 4.9]). The irreducible representations of 
G F (D) are the simple objects in &(F). 

Note that I induces a functor f : M(F) M(F). The category M(F) is also 
equipped with the endofunctor V : V i— > V v associating to V the contragredient 
representation V v = Honifc(V, k). Since V is anti-involutive, V v is irreducible if 
and only if V is irreducible. 

b) 3ft(F) is the full subcategory of M(F) image of the functor f . Any irreducible 
representation of G° F (D) is an object in M\F). By adjunction, a representation 
V € &(F) is an object of &\F) if and only if V sits in an exact sequence in 
<%{F) of the form 

(3.5) x£ V ->■ 
for some £ e N, t > 1. 

c) £%(F) is the full (additive) subcategory of &(F) whose objects are the V € 
3%^(F) such that V v is also an object in 3$^(F). Any irreducible representation 
of G F (D) is an object in 33(F). By the following proposition, this definition 
coincides with [6, Definition 1]. 

Proposition 3.8. i. In M(F), we have X F ^ X^,. 

ii. A representation V € &(F) is an object of S$(F) if and only if there are £, m > 1 
and f E Hom^(^)(X™, X^,) such that V = Im(/). 

Proof, i. Let <p : X.p — > X^, be the unique G^(D)-equivariant map sending the charac- 
teristic function of I onto Xi? —¥ k, f i— > /(l). One easily checks that it is well-defined, 
injective, and therefore surjective. ii. Let V € M(F). We deduce the claim from by i. 
by observing that, V v € &'(F) if and only if V sits in an exact sequence in &(F) of 
the form 

(3.6) -> V -> X^ 
for some I G N, I > 1. 

□ 

Remark 3.9. An irreducible representation V of G° F (D) is an object in S§(F). The work 
of Carter and Lusztig [8] describes V explicitly as the image of a G^(D)-equivariant 
morphism Xi? — > Xp. 

Consider the category Mod(i^ir) of finite dimensional modules over fyp. The functor 

(3.7) &{F) ^Mod(ij F ), V 1 
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is faithful. The following theorem is [6, Theorem 2] the proof of which relies on the 
fact that Sjp is self-injective (see Proposition 3.4). 

Theorem 3.10. The functor (3.7) induces an equivalence between 38{F) and Mod(.f) p) ■ 

Remark 3.11. In particular, (3.7) is faithful and essentially surjective. It is not full in 
general (see [24]). 

For V in ffl(F) we consider the (compactly) induced representation ind^ (£)(V). 

Lemma 3.12. i. ind^ (0) (V) is a representation inM{x$). 
ii. We have (ind^ (iD) (V))t = ind^ (0) (Vt) in&(x ). 

Proof. It is clear that both ind^o (o)(V) and indgo p)(V^) are in M{xq) because Ki is 
normal in K and contained in 1^. Furthermore indQo (£>)(V^) is an object in &<(xq): 
it is generated as a representation of K by the functions with support in G F (D) taking 
value in V 1 at 1. It remains to show that the natural injective morphism of represen- 
tations of K 

(3.8) ind^ {0) ( V t)^(ind^ (0) (V))t 

is surjective: by Mackey decomposition, an I-invariant function / € ind q D aq\ (V) is 
completely determined by its values at all k in a system of representatives of the double 
cosets Gp(£>)\K/I and the value of / at k can be any element in v G ^^^ nrelK 1 = 
y(iF,G^ (O)nreiK )_ Choose th e system of representatives given by Remark 3.3ii. Then 
by Lemma 3.2ii, the value of / at k can be any value in V 1 and / lies in the image of 
(3.8). 

□ 

3.3. Spherical Hecke algebra attached to a weight. Let (p, V) be a weight and 
X '■ — > k the corresponding character. By Cartan decomposition (§2.2.4), the compact 
induction ind^p decomposes as a k [[K]] -module into the direct sum 

indgp= ind^% 

AGX+(T) 

of the spaces of functions with support in KA(tu)K. The following proposition is proved 
after the subsequent corollary which is the main result of this section: it allows us to 
replace the study of the spherical algebra H(G, p) by the one of Homg(x <S>s H, X ®f, H) 
which is achieved in Section 4 (see Proposition 4.9). 

Proposition 3.13. Let A € X*(T). 

i. The representation (indj^ A ^ K p)T o/K lies in £&{xq). 

ii. The space Homs(x, (ind^ K /?)^) is at most one dimensional. 
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Corollary 3.14. i. The map (3.3) induces an isomorphism of k- algebras 
(3.9) H(G, p) = Hom fi ((ind£p)\ (ind^) 1 ) = Hom fi ( X ® h H, X ®# H). 

ii. For A G X*(T), i/ie subspace of 7i(G, p) of the functions with support inKA(ro)K 
is a£ mosi one dimensional. 

Remark 3.15. It will be a corollary of the proof of Proposition 4.9 that the subspace 
of H(G,p) of the functions with support in KA(ro)K is in fact one dimensional. This 
fact is proved and used in [16] (Step 1 of proof of Theorem 1.2) but our method is 
independent. 

Proof of the Corollary. By adjunction, we have 

H(G,p) = Hom K (p,indKp) = Hom K (p, ind^p) = AgX + (T) Hom K (p, ind** K p) 
and by Proposition 3.13i and Theorem 3.10 

H(G,p) = AeX + (T) Hom K (p, (ind£ A(ro)K )t) 

= ©agx+(t) Hom f,(x, (in<§ A(w)K ) 1 ) = Hom^(x, (indgp) 1 ). 
=Hom fi (x ® h H, (indgp) 1 ) = Hom fi ((indgp) 1 , (indgp) 1 ) 

where the last equality comes from Lemma 3.6. The second statement of the corollary 
then comes from the one of the proposition using Remark 3.7. 

□ 

Proof of Proposition 3.13. It suffices to show the proposition for A € X+(T). We first 
describe the Ki-invariant subspace of indj^ A ^ ro ^ K /> because it contains (indj^ A ^ K /?)t. 
Set 

K A := Kn \(w)- l K\{w). 

As a A;[[K]]-module, ind^ K p is isomorphic to the compact induction ind^ A A*(p) 
where A* (p) denotes the space V with the group K\ acting through the homomorphism 



Since Ki is normal in K, we have the representation (A*(p)) KAnKl of K\ on the space 

y A ._ yKnAO^KiAfWT 1 _ y(KnA(ro)KiA(ro)- 1 ,Ki) 

It can be extended to a representation (n\,V\) of "P\ := K\K\ that factors through 
J'a/Ki ~ K\/K\ n Ki. 

Denote by 2Ba the stabilizer of A in 2U. Since A G X+(T), it is generated by the 
simple reflections s a for all a € <fr such that (A, a) = 0. Denote by F\ the associated 
standard facet. The attached subset <3?_f a of $ consists in all the roots a such that 
(A, a) = 0. The closure of F\ is the set of points in x € C such that a(x) = for all 
a £ $ F . 
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Fact 1. The subgroup y\ o/K is the parahoric subgroup associated to F\. 
Fact 2. As k[[K]] -modules, we have (ind^ A*(p)) Kl = mdy x n\. 

Fact 3. We have a) n\ € 3$(F\), b) 7T^ is irreducible, c) Hom^ (x, 7t^) is at most 
one dimensional. 

We deduce from Fact 2 that (ind^ A ^ K /))^ = (indy 7t^)t so that, to prove the propo- 
sition, it remains to check that (indp 7t\)t is a representation in 38 (xq). By Fact 3 
b) and Remark 3.9, there is an injective J^-equivariant map 7rt — > X^ A which, by 
exactness of compact induction, gives an injective K-equivariant map 

(3.10) ind£ A tt^ -> ind^ A X Fa = X Xo . 

Since furthermore, by Fact 3 a) and Lemma 3.12, we have (indy A 7tA)^ = indy (rc^), we 
just proved that the K-representation (indy 7tx)t injects in X Xo . By Proposition 3.8ii, 
the representation (indy A 7tA)^ is therefore an object in 38(xq). It is the first statement 
of the proposition. 

In passing, we deduce from (3.10) that there is a right fj-equivariant injection 

(md K p) 

so that Horns (%, (ind^ p) 1 ) injects in Horns (x,fj) which is one dimensional by 
Proposition 3.4ii. It gives the second statement of the proposition. 

We now prove the Facts. Recall that \{w) € T is a lift for e~ x € W (Remark 2.5) 
and that for all a € we have \( / ca)U( a ^\(m)~ 1 = U e -A( a0 ) = U( a ,(\,a))- 

Proof of Fact 1: From (3.2) we deduce that the subgroup 11^ of I generated by all the 
root subgroups U( a ,o) f° r a ^ ^ + * s contained in K^: indeed, let a £ $ + , we have 
(A, a) > and X(w)U {afi) A(ro)^ 1 C I, therefore U {a>0) C K n \{w)~ l K\(m) . 
Now recall that 7\ = (K^,Ki). The pro-p Iwahori subgroup I which is generated by 
Ki and VLq is contained in CP^, and so is I since T° C ? A ([4, 4.6.4 ii]). We have proved 
that Tx is the parahoric subgroup corresponding to a standard facet (This statement 
is in fact enough for the proof of the proposition). It remains to check that it is equal 
to Gp A (D) which, by Remark 3.1 is the subgroup of K generated by T , all U( a ,o) 
for a € <3? such that (A, a) > and all U( at u for a € 3> such that (A, a) < 0. But 
A(tz7)U (Qj0) A(ro)~ 1 C K if and only if (A, a) > 0. It proves the required equality (using 
(3.2) for y A ). 

Proof of Fact 2: Since Ki is normal in K, a Ki-invariant function / in indj^ A A*(p) is 
entirely determined by its values at the points of a system of representatives of the cosets 
K>\K/Ki = JWK and these values can be any elements in V\. The JVequivariant 
map 

n x (ind* A*(p)) Kl 
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carrying an element v E Va to the unique Ki-invariant funtion / G ind^ A* (/?) with 
value v at 1 therefore induces the expected isomorphism of K-representations. 

Proof of Fact 3: a) We want to prove that the pro-unipotent radical Ip x of IPa acts 
trivially on n\. By (3.2), it is generated by Ki and the root subgroups 1X( Qi o) for a G 
<3? + — &p that is to say for a G Q + satisfying (A, a) > 0. Since Ki acts trivially on n\, 
we only need to check that for a G $ + with (A, a) > 0, the action of A(tu)U( Q , )^( ZI7 )~ 1 
on Va via p is trivial, but it is clear because this group is contained in Ki. 
b) Since (3.7) is faithful, proving that n\ has dimension 1 is enough to prove that 7t^ 

is an irreducible representation of JV We have {0} ^ n\ = n x c and 11q C Ka so 
the space of 7t^ is v< KnA ( ro ) KlA ( ro ^ 1 ' A ( ro ) u c A ( ro ) _1 ). Let w be the element with maximal 
length in 2Ba- Denote by the subgroup of K generated by all the root subgroups 
U( a)0 ) for a G <1>~. We claim that 

(3.11) (KnA(ro)KiA(CT)~ 1 ,A(CT)U+A(ro)- 1 ) DwU^uj- 1 . 

Indeed, let a G <3?~ and recall that (A, a) < 0: 

- if (A, a) = then a G $p and wa G 3>£ so \(w)~ l w\L^ a ^w\{w) = Vi( W a,-(\,wa}) = 
U^wafi) is contained in U^; 

- if (A, a) < then \{w)~ 1 wU.^ a ^w\{w) = Ur wa n wa \-\ = U( wa ,~{\,a)) 1S contained in 
Ki. 

We deduce from (3.11) that 

Y(KnA(ro)KiA(n7)- 1 ,A( ro )lt+A( ro )' 1 ) c y(w U^uj- 1 , Ki) 

and the last space has dimension 1 because (wli^w -1 , Ki) is a K-conjugate of I (it is 
the pro-unipotent radical of the parahoric subgroup attached to the facet wwqC where 
wo denotes the longest element in 2U). 

□ 



3.4. Parameterization of the weights. Recall that a weight is an irreducible repre- 
sentation of K that is to say a simple object in M{xq). By [8, Corollary 7.5] (and also 
Theorem 3.10), the weights are in one-to-one correspondence with the characters of $). 
A character \ '■ ft k is determined by the data of a morphism \ '■ T°/T 1 — > k x such 
that x(t) = x( T t) for all t G T°/T 1 , and of the subset II X of Ii x (notations in 3.1.3) 
defined by: 

x(T~nJ = -1 if and only if a G Ii x — Ii x . 
To the subset IT X of \ ls attached a standard facet F x (Remark 2.7). 

Remark 3.16. By [8, Proposition 6.6], the stabilizer of p l in K is equal to the parahoric 
subgroup G F (O) with associated finite Weyl group generated by all s a , a G Tl x . We 
will denote the latter by 2B X . 
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4. Bernstein-type map attached to a weight and Satake isomorphism 

4.1. Commutative subrings attached to a standard facet. We fix for the whole 
section 4.1 a standard facet F. 

4.1.1. Consider the subset of all A G X*(T) such that (A, a) > for all a G (<I> + - 
U If wp denotes the element with maximal length in 2Hf, then this set is 

the u^-conjugate of X+(T). Bearing in mind the conventions introduced in 2.2.2, we 
introduce 

^+(F) : = {A G X*(T) such that (A, a) > for all a G ( < & + — U <5> F } 
tf-(F) := {A G X*(T) such that (A, a) > for all a G (<3?~ — $ F ) U 

i?emar£; 4.1. For all A, A' G V+(F) (resp. V~(F)) we have £(e A ) +£(e A ') = ^(e A+v ). 

4.1.2. Bernstein-type maps attached to a standard facet. 
Proposition 4.2. i. There is a unique morphism of "L[q^ Ll /' 2 ]- algebras 

(4.1) 6+ : 2%^] [x*(T)] — ► H Z ® z Z^] 
such that 9+(A) = g-^ eA )/ 2 r e A if X € tf + (F). 

ii. There is a unique morphism of r L\q^ 1 1 2 \- algebras 

(4.2) 6^ : Z[q ±l ' 2 ][X^)] — > H Z ®z Z^ 1 / 2 ] 
aucft fta* 6 F (A) = g-^ eA )/ 2 r e A if A G if-(F). 

iii. Both 0^ and 0^ are infective. 

Proof of the proposition. It is the same proof as in the classical case for Iwahori-Hecke 
algebras and the dominant Weyl chamber. Let a be a sign. By Remark 4.1, the formula 
e F (X) = q~^l 2 T e x for A G V°(F) defines a multiplicative map Z[g ±1 / 2 ][^" T (F)] — ► 
H z ®i I\q ±xt \ Let v G ^(F) such that A + v G tf a (F)(tf a = +, choose for 
example v to be the u_F-conjugate of a suitable strongly dominant coweight). We set 
Q F (X) := g( _ ^ eA+ '^ + ^ e ' / ' | )/ 2 T;s v+ ,,T ! 7 1 . This formula does not depend on the choice on u 
such that A + v G ^{F) as can be seen by applying again Remark 4.1. 

To check the injectivity, bear on Lemma 2.11 that states that for all A G X*(T), the 
element Q F (X) is equal to the sum q~^'' 2 T e x and of a Z[q ,=l:1 / 2 ]-hnear combination of 
elements t v G Hz such that v G W and £(v) < £(e x ). 

□ 

4.1.3. Commutative subalgebras of Hz- For all A G X*(T), we set 

(4.3) S+(A) = ^/ 2 6+(A) and B^A) = q^' 2 Q F (X) 

and we remark in particular that by Lemma 2.11, all these elements lie in Hz. 
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Remark 4.3. i. The maps Hp and Hp do not respect the product in general, but they 
are mulitplicative within Weyl chambers (see Remark 4.1). 

ii. Consider the case F = C or F = xq. Then 23 J = B~ (resp. 23^, = i>+ ) coincides 
with the integral Bernstein map E + (resp. E) introduced in [31]. 



Lemma 4.4. For X G X*(T) we have i(S^(A)) = {-l) l(e )( £> F {\) where i is the invo- 
lution defined in (2.9). 

Proof. Let A G X*(T) and /x, i/ G ^ + (F) such that A = // - i/. Then B£(A) = 
g (^)+^)-^))/2 TeMT -i andB -( A ) = ? (^)+€( e ")-€(e"))/2 Te _ i/r -i ii Fur thermore, i{eP)- 

£(e u ) and ^(e A ) have the same parity and T e - V and t~}^ commute by Remark 4.1. □ 

Using Lemma 2.11 we get the following: 
Proposition 4.5. Let F be a standard facet. The commutative ring 

stfp := Hz n lm(0^), and respectively stff := n Im(B^), 
has Z-basis the set of all 'Bp(X), respectively r B F (X), for X G X*(T). 
Proposition 4.6. Let X G X+(T). 

• For any t G T°/T 1 , the basis element Tt G Hz and 23 J, (A) commute, as well as Tt 
and 23~(A). 

• Let a G II. If a G ILv, then 

f S-(AK a € 9 H z </<A,a)>0 . ,J S+(A)r na G 9 H Z </<A,a)>0 
j 1 B^(A)t* q G r* a H z i/ (A, a) = j \ S+(A)r„ Q G r n(i H z i/ (A, a) = 



• If a G II — lip, i/ien 

f S;(A)r na GgH 2 i/(A,a)>0 ( S+(A)t* q <E 9 H Z if(X,a}>0 

S;(A)r na G T na H z i/ (A, a) = J \ S+(A)t* q G r* a II z (A, a) = 



Proof. Let z/ G X(T) be an element whose image in X(T) is the opposite of a strongly 
.F-positive element (§2.3.2) and such that A + v G C € F ~{F'). Remark that v G ^p(F) 
and e v is an element in W that commutes with all n a , a G Hp . We have 

t(eX) t{e. X )+l(e")-t(e. X + v ) , 

V F {X) = q—0 F {X + u)Q F (-u) = q 5 T^T?. 

a) Let a G lip. Recall that t* q = qT~ . Since s a and e u commute in W, we have 
£(s a e u ) = £{e u ) + 1 and r na and commute: 
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First suppose that (A, a) > 0. Then £{e x s a ) = £(e x ) - 1 and £{e x+y s a ) 
£{e x+v ) - 1. Therefore, r e \+u = r J+ -it„„, and 



j 2+l(e A n~') + l(e'Q~l( e A ^n~ t ) 



which is an element of (/H^ by Lemma 2.11. 

— Now suppose that (A, a) = so that e x , e v and r„ a commute. We have 
£(s a e x +n = £(e x +") + 1 so t^t^ = t^t^ 

* 2+l(e A )+£(e'Q-l(e A + '0 _, „, _ / ^ 

b) Let a G II - lip. We have (u, a) < so that £{e u s a ) = £{e u ) + 1 and T~}r na = 
t r~ l ■ 



25i?(A)r na = q 2 T e A+.r„ a T e . araQ . 

Since (v + A, a) < we have ^(e" +A s a ) = £{e v+x ) + 1 and 

£( e A )+l(e")-£( e A + ") _ 1 

^F(^) r n — 9 2 r e A +»n„ 7 e s "'' s « ■ 

- First suppose that (A, a) > 0. Then £(e x s a ) = £(e x ) - 1 

2+£(e A n a )+l(e s » 1/a ")-£( t ; A + ''n a ) _j 

which is an element of qHz by Lemma 2.11. 

— Now suppose that (A, a) = that it to say that e A and s a commute. We 
have T e \+uT na = t n a T e x+„ a us a and 



A)T na = T na q 2 T e \+s a vs a T e s a 

which is an element of T nQ Hz by Lemma 2.11. 

Statements a') and b') follow applying Lemma 4.4 since i(r nc J = Tn a T h a (-i) an d 
Th a (-l) is invertible in H^. □ 



4.1.4. Let Mp be the Levi subgroup of G corresponding to the facet F as in 2.3.3. We 
also refer to the notations introduced in 2.4.4. 

Lemma 4.7. For A G X+(T), the element (-l)Me A ) i F (rf A ) G Hf(M f ) is eguai to 
the sum of t^ x and a linear combination with coefficients in Z of t? for F '-positive 
elements ueWp such that v < e x . Furthermore, we have 

F 

(4-4) j+((-l)^( eA )i^(rf,))) = S+(A). 
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In particular for F = xq, 

(4.5) (-l/( eA ) L (r e ,) = S+(A). 

Proof. In H Z (M F ) ® % Z[q ±l / 2 }, we have (-l)M eA ) L F (rf A ) = g^^O"^*) -1 - Lemma 
2.11 for the Hecke algebra of then gives the first statement. Use Lemma 2.9 for 
the result about F-positivity. 

By an argument similar to the one in the proof of Proposition 4.2 (in the setting of 
the root system corresponding to M^), the element 

F (X) := q^-^^rUr^r 1 G H Z (M F ) ® z Z[q^] 

does not depend on the choice of A, v G X*(T) such that A = [i — v and (fi,a) < 0, 
(u,a) < for all a G <J>£. 

Choose fi,u G 1f+(F) such that A = p-v. Then jf(^ f(A)/2 ^(A)) = g (MA)+M")-MM))/2 TeA1 (t^ 1 
because \i and v are in particular F-positive. By Equality (2.6), we therefore have 
2+ (A) = jF(q £F{X)/2 F W)- Now choose // = and i/ = -A. We have q lF ^/ 2 9 F {\) = 
(_l)Me A ) L F( T F) an d therefore jf(^ f(A)/2 #f(A)) = j+((-l)^( eA ) L F (rf A )). 

□ 

4.2. Satake isomorphism. Let % be a character of fj with values in k and F x the 

associated standard facet as in 3.4. 

Lemma 4.8. We have a morphism of k-algebras 

Uf .s A»fc[T°/Ti] k[X+(T)} — > Hom fi (x<8)^H,x^H) 

1 J 1®A i— > (1®1h-1®2+ (A)) 

Proof. We have to check that, for A G X + (T), the element 1(8)2 J (A) is an eigenvector 

for the right action of Sj and the character \. Recall that the finite Hecke algebra $) is 
generated by all T t , t G T°/T 1 and T na for a G II. 

• First note that for t G T°/T\ we have 2+^ + A) = r t 2j(A). Therefore r t acts 
on 1® 2 J (A) by multiplication by x( T t) an d e x ac * s by 1- 

• Let a $ II X . We have x{ T n a ) = 0. By the quadratic relations (2.10), we have 
e x T n a = x(^a( — 1)) e x r ^a i n Since n x C II X , proposition 4.6 b') implies that 
T na acts by on 1 (g) 2+, (A). 

• Let a G n x — II X . We have x( T n a ) = — 1 and by the quadratic relations 2.10, 
e x T *n a = e x( T n a + 1) i n H, which by proposition 4.6 b'), acts by on l(g)2^ (A). 

• Let a G II X . We have xi T n a ) = and by proposition 4.6 a'), r na acts by on 
10 2+ (A). 

We have proved that (4.6) is a well defined map. It is a morphism of fc-algebras by 
Remark 4.3i. 

□ 



Proposition 4.9. The map (4.6) is an isomorphism of k-algebras. 
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Proof. The proof relies on the following observation: a basis for x ®£ H is given by 
all 1 <S> t j for d G D (Proposition 3.4). Recall that T> contains the set of all for 
p G X+(T). By Lemma 2.11 (and using the braid relations (2.7) together with (2.3)), 
1 ® Hp (p) is a sum of t-^ and of elements in @d<e^k ® r 

We first deduce from this the injectivity of (4.6) because a basis for x ^[to/t 1 ] 
fc[X+(T)] is given by the set of all 1 <g> for p, G X+(T). 

Now we prove the surjectivity. Denote, for p G X+(T), by H[p] the subspace of the 
functions in H with support in Ke^K. Then Hom^(x, X ®« H) decomposes into the 
direct sum of all subspaces Hom^(x, X®^ for /i G X+(T) and after Corollary 3.14 
and its proof, each of the spaces Hom^(x, X ®ij H[/z]) is at most one dimensional. 

Let p G X+(T). By Lemma 2.4ii and the observation at the beginning of this proof, 
the image of l<g>23i? x (/2) by (4.6) decomposes in the direct sum of all Hom^(x, X®«H[A]) 
for e x < and it has a non zero component in Hom^(x, X ®^ &[/•*])• We conclude by 
induction on £(e^) that Hom^(x, % (g)^ H[/i]) is contained in the image of (4.6) for all 
MGX+(T). □ 



Remark 4.10. Recall that given A G X+(T), a lift for e A G W is given by \(m 1 ) G T 
(see 2.2.4). More precisely, the map A i— > X(w~ 1 ) mod T 1 is a splitting for the exact 
sequence of abelian groups 

— ► T^T 1 — ► X*(T) — > X,(T) — >• 

and it respects the actions of 2B. 

By abuse of notation, we identify below the element A(ro~ 1 ) G Nq(T) with image in 
X+(T) C W. 

Let (p, V) be the weight corresponding to the character x of ^. As in 3.1.4, we fix a 
basis v for p l . Composing (4.6) with the inverse of (3.3) gives the following. 

Theorem 4.11. We have an isomorphism 

(4.7) X®fcfro/Ti] k[X+(T)]^n(G,p) 

carrying, for A G X+(T), the element 1 (8) X(w~ 1 ) onto the G-equivariant map deter- 
mined by 

( 4 8 ) 7\ ■ indg/9 — ► indgp 

1k,d 1 — ► 1k,^23f x (A(ct~ 1 )). 



The map A G X+(T) — > X(zu 1 ) modT 1 yields an isomorphism 

k[X+(T)]~ X ®k[T°/Ti]k[X+(T)] 
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which we compose with (4.7) to obtain the isomorphism of /c-algebras 

(49) 7: fc[X+(T)] H(G,p) 

A i — > T A 

The next section is devoted to proving that, in the case where the derived subgroup 
of G is simply connected, this map is an inverse to the Satake isomorphism constructed 
in [16]. 

5. Explicit computation of the mod p modified Bernstein maps 
5.1. Support of the modified Bernstein functions. 

5.1.1. Preliminary lemmas. 

Lemma 5.1. Let 1 : T°/T 1 — > k x be the trivial character of T°/T 1 and t\ £ H the 
corresponding idempotent. For any w € W, we have in H the following equality: 

(5.i) (-i)^) L ( ei ^)= y, £ i T - 

v£~W ,v<w 



Proof We consider in this proof the field k as the residue field of an algebraic closure 
Q p of the field of p-adic numbers Q p . Let Z p be the ring of integers of Q p and r : Z p — s> k 
the reduction. The ring Z p satisfies the hypotheses of 2.4.3. In this proof we identify q 
with its image q-1% in 7L V . We work in the Hecke algebra <S>z Z p in which we prove 
that 

(5.2) (_i)'(«0 t ( £lTiB ) G ]T (l-g)^)-^) ei r e + g(H z ® z Z p ). 

d€W ,v<w 

It is enough to consider the case w £ W a jj and we proceed by induction on £{w). 
Let w E W«yj and s £ S a ff such that with £(sw) = £(w) + 1. Applying [12, Lemma 
4.3], we see that the set of the v € W such that v < sw is the disjoint union of 

{v G W, v < sv, w} and {v € W, sv < v, w}. 

Noticing that eii(rs) = — ei(rg +- 1 — q), we have, by induction, 

(_l)<(SS) eil ( Tss ) = (-1)^)^(^+1-5)^) G ei(T S +l-?) J] (l-g)' (w) "' (,;) ^+(z(Hz^ p ) 

■uGW,v<u> 

and (rs + 1 — (?) X] (1 — q , )^ u '' >_£ ^ e i' r e is successively equal to 

v£~W ,v<w 
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ei ( Ts + l-g)( (l-9)^Mr«+ £ (l-^-^r,) 

v<sv,w sv<v<w 

= £ (l-^r a + ^(l- 9 )«-'(»' +1 r 5 l £ g( i_ g) ^)-^) r - 

w<sw,ii; v<sv,w sv<v<w 

e ^ ( 1_ ? )<(«»H(») TS+ £ ( i_j)<(«H«) Ti+ £ g (i_^)-^) T _ 

SU<W,U! v<sv,w sv<v<w 

which proves the claim. Applying the reduction r : 7L V — > k, we get (5.1) in H. 

□ 

Lemma 5.2. Suppose that the derived subgroup of G is simply connected. 
Let £ : T°/T 1 — > /c x 6e a character fixed by all s G S. TTien i/iere exists a character 
a : G — >• /c x i/iai coincides with t;" 1 on T°, suc/i t/iat a(/x(ro)) = 1 /or a// fi G X*(T). 
It satisfies the following equality in H, for A G X+(T): 

6^+(A( ro - 1 )) = 6 f (-l)^ A )L(r A(ro - 1) )= ]T 6 5 a(^)r c . 

Remark 5.3. For t> G W with chosen lift v G W, the value of ot(v) does not depend on 
the choice of v lifting v and we denote it by oc(v) above. Furthermore, e^<x(v)T{, does 
not depend on the choice of the lift v. 

Proof. Define a character x : k x by x := £ an d n x = LT^ = II and consider the 

associated weight. By the proof of [17, Proposition 5.1] (see also the remark following 
Definition 2.4 loc.cit and Remark 3.16), this weight is a character K — > k x and by [1, 
Corollary 3.4], it extends uniquely to a character a of G satisfying ot(fi(w)) = 1 for all 
H G X*(T). Note that a coincides with x" 1 on T°/T 1 . 

Fact. We have an isomorphism of k- algebras ^ : H — > H, T g t— > oc(g) T g preserving the 
support of the functions. It sends e\ onto and commutes with the involution i 

Proof of the fact. The image of r g = lj^j is independent from the choice of a repre- 
sentative in Igl. The image of e\ is clearly e^. One easily checks that respects the 
product. Now in order to check that commutes with the involution i, it is enough 
to show that ^ and l^l coincide on elements of the form t u with u G W such that 
£(u) = and u = ua for A G ^aff- For the former elements, the claim is clear since i 
fixes such t u when £(u) = 0. Now let A = (a, r) G ^ a ff- We consider the morphism 
4> a ■ SLi2(#) — > G($) as in 2.2.5. Since 5 is infinite, the restriction of a to the image of 
4> a is trivial. Now by Remark 2.10, we have V&{i(T nA )) = r„ A . 

□ 

We deduce from this (and using (4.5)) that 

*(exB+ (A^- 1 ))) = 6 f (-l)^ A )M/( L (r A{ro - 1) )) = (ACtu" 1 )). 
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Conclude using Lemma 5.1. 

□ 

5.1.2. For x '■ ft ~~ ^ k x , we consider the associated facet F x as in 3.4 and M x the 
corresponding standard Levi subgroup as in 4.1.4. 

Proposition 5.4. Let \ '■ — > k x . There is a character a x : M_p — > k x such that 

a) <x x coincides with \~ l on T° and satisfies ot x (p(m)) = 1 for all p G X*(T), 

b) in x ®£ H we have, for A G X+(T) ; 

(5.3) e x ®'B Fx (\(m- 1 ))= £ « x ( t *) e x® T «i 

rfGW Fv nD Fv ,<i<e A 

where d denotes any lift in Wp x /or o! G Wp . 

Proof. In this proof we write i* 1 instead of F x . Let A E X+ (T) . Consider the restriction 
to Mi? (~l K of the weight p associated to x an d the corresponding restriction of x to 
the finite Hecke algebra fj XF (Mp) (see Remark 3.5 for the definition of this subalgebra 
of H(Mp) attached to the maximal compact subgroup Mp H K of Mjr). It satisfies the 
hypotheses of Lemma 5.2, where Mp and its attached root system play the role of G. 
Note that under our hypothesis for G, the derived subgroup of Mp is equally simply 
connected. Therefore, there exists a character ot x : Mp — > k x that coincides with x~ l 
on T°, such that ct x (p(m)) = 1 for all p E X*(T) and satisfying the following equality 
in H(JVIf) (see (4.5) applied to the Levi M F ) 

£ * (-l^VCr^) = **«x<®t?- 

»6WF,t)<e* 
F 

Now applying (4.4) to the facet F, we have in H, 

e^B|(A(a7 -1 )) = e x°bc(v)Tv. 

v£WF,v<e^ 

F 

Before projecting this relation onto x ®S H, recall that x( T w) = for all w E 2Uf- By 
definition of Dp (see also Remark 3.3), we therefore have, in x ®« H, 

e x ® r B + F {\{w- 1 )) = Yl ^xid) e x ® tj. 

deW F n:D F ,i><e A 

□ 

5.2. An inverse to the mod p Satake transform of [16]. Let (p, V) be a weight, 
X '■ — > k x the corresponding character and F x the facet defined as in 3.4. Consider 
the isomorphism 

(5.4) S:H(G,p)^k[X+(T)} 
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constructed in [16] (see Remark 2.5). For A € X+(T), denote by fx the function in 
rl(G, p) with support in KA(ro _1 )K and value at X(w~ 1 ) equal to the /c-linear projection 

V —¥ V defined by [16, (2.8)]. Note that this projection coincides with the identity on 

V I (step 3 of the proof of Theorem 1.2 loc.cit). Any function in 7i(G,p) with support 
in KA(zi7 _1 )K is a fc-multiple of fx- The element Tt x {l^ v ) defined by g i— > fx{g)v is the 
unique element in (ind^p) 1 with support in KA(ro _1 )K and value v at \(m~ l ) which is 
an eigenvector for the action of S) and the character x (See Corollary 3.14 and Remark 
3.15). 

Recall that the isomorphism 7 : fc[X+(T)] — > T-L(G,p) was defined in (4.9) and that 
both § and 7 are defined with no further condition on the derived subgroup of G. 

Theorem 5.5. Suppose that the derived subgroup of G is simply connected. 

i. For A G X+(T) we have 
(5.5) 7 X 

ii. The map 7 is an inverse for §. 

Remark 5.6. In particular, the matrix coefficients of T in the bases {-^}Aex+(T) anc ^ 
{/a}a£X + (T) depend only on the facet F x , and not on \ itself. 

Proof. In this proof, we write F for F x . For i, we have to show that 7x has support 
the set of all double cosets K/i(n7 _1 )K for p H A and that for v S p l and such a p, the 

F 

value of 7x{1-k,v) at p{^ ~ 1 ) is v. By (5.3), we have 

d£W F nD F ,d<e x 

F 

and by Lemma 2.9ii, this element has support in the expected set. Furthermore, by the 
proof of Proposition 3.6, it has value ot x (d)v at d for all d € Wp H Dp, d < e x . Now 

F 

recall that any p € X+(T) seen in W is an element in Dp (Remark 2.3), that p(w~ l ) 
is a lift in G for p and that oi x {p{w~ 1 )) = 1. It proves that T\(1k,u) has value v at 
p(w~ 1 ) for p X A: we obtain the formula (5.5). Finally, let A £ X+(T). Under the 

F 

hypothesis that the derived subgroup of G is simply connected, X^-<a ^(/m) ^ s ec L ua l to 
the element A seen in fc[X+(T)] [17, Proposition 5.1]. It proves ii. 

□ 
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